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Conclusions

General introduction to Statistics and gamma-rays as statistical variables

Improvement of the Li & Ma formula and alternative Bayesian approach

Typical observation procedure and significance of gamma-ray sources (Li & Ma 1923)
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https://www.wikicasino.it

General definition:

Study of phenomena with unknown results before
experimental observations, but showing eventual
trend after many of them ("regularity of randomness")

Random va ria@
V4 \°

Discretbe Ctl)f’li_SG Continuous case
(event probability p;) (probability distribution f(x))

<X> 1= 2 * X : : s://www.pngkey.com
X | Pl xl (aSSIOmatlc) <X> = / x F(x) dx https:// .pngkey.

02 = <(X;—<x>)?> ... al
0?2 := él(x—<x>)2 f(x) dx ...
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Suppose we are observing on a certain object in the sky, which is thought to be a y-ray (in
particular, photons with energy E = GeV) source, for a time ¢,,; then, we can treat the

number N,, of eventual y-rays coming from it as a random variable

Artistic Fermi-LAT, Fermi Collaboration

Artistic LST, cta-obsenvatory.org
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SNR and instrumental sensitivity often limited, difficult background...
Are our 7y sources real?

Statistical reliability := Probability that the observed signal is due only to the

background (B) => count rate excess corresponds to a

real source S (or line), not to a different fluctuation
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SNR and instrumental sensitivity often limited, difficult background...
Are our 7y sources real?

Statistical reliability := Probability that the observed signal is due only to the

background (B) => count rate excess corresponds to a

real source S (or line), not to a different fluctuation

"On" source pointing ~ "Off" zone pointing Defining & := t,,/ top
Np = o* N
(NOV\) tom) (NOFFJ toFF) NS = NOV\— o ® NOFF
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We can describe both N,,, and N, counts as following a Poisson distribution:

0.40 |
0.35f
0.30}
J 0.20}
o
0.15f
0.10f
0.05f
0.00

P(A,N) =

or space interval (A

<N>=A

From https://www.how2shout.com

AN -
N1 €

"Small numbers", "Radre events" Law

Discrete probability distribution of N successive,
Independent events occurring in a certain time

are observed on average)

o2(N)= A
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~

~ STATISTICAL SIGNIFICANCE

<=> "§ standard deviation result"

R O S
SO ’Mﬁ?z’gaf,}ﬂ




[P N

S = Ns / G(NS) <=> "§ standard deviation result"

NS - Novx— X °® NOFF

X .= tom/toff NB

Poissonian N.. —a-Ng o Poissonian
Non, Nofr S1 = So = Non — & Nog Non (02 = NB)’
> ‘\/N -+ 2‘N 2
But MCs...? on + Q% Noft V@ (Non + Not) | Nyge (02 = Np/«)

Q Dangerous variants: |Ns/VNg | | Ng/ VN, | | Ns/VN;
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S = Ns / G(NS) <=> "§ standard deviation result"

NS - Novx‘ X °® NOFF

X .= tom/toff NB

Poissonian N.. —a-Ng o Poissonian
Non, Nofr S1 = So = Non — & Nog Non (02 = NB)’
> ‘\/N -+ 2‘N 2
But MCs...? on + Q% Noft V@ (Non + Not) | Nyge (02 = Np/«)

Q Dangerous variants: |Ns/VNg | |Ns/~VN,,| |Ns/Ns | == Under/Overestimation!

N ¢ only N, only Not (N,uNof)
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S = NS / U(NS)

Alternative estimation from mathematical statistics:

 <Ng> and <Ng> unknown parameters

0| @

* Null Hypothesis H, :="No extra-source, and background only (<Ngs> = 0)"
Else, count excess due to a certain y source =: H,
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S = NS / U(Ns)

Alternative estimation from mathematical statistics: O @

 <Ng> and <Ng> unknown parameters

* Null Hypothesis H, :="No extra-source, and background only (<Ngs> = 0)"
Else, count excess due to a certain y source =: H,

We want to test this to check the existence of some source!
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Given a data set and chosen a model, what's the best
estimation of the parameters for a good description?

independent
sampling

"Posterior probability": P(Xi/Aj) '

A. Mucciarelli, Unibo (A.Y. 2020/2021)

Ay O 0z 1
DO = f;O
0.1 -
Distance (Mpc) AL_/ H
From "Esperimentazioni di Fisica 1", prof. | o J . .
-4 -2 [} 2 4

>[(X/¢[J)::_I:INP(Xi/Aj) X €X, AEY
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Given a data set and chosen a model, what's the best | | |- F
estimation of the parameters for a good description? ° e H
From "Esperimentazioni di Fisica 1", prof. u—j?_ . .
A. Mucciarelli, Unibo (A.Y. 2020/2021) N -2 0 2 ‘
independent
sampling I_I
"Posterior probability”: P(x;/ A;) | >£)f/§([l)" = 1 P(xi/A) XxXeX A€y
1 =1,
It is convenient to consider its natural logarithm InL = Z InP
The best parameters will be those maximizing it
. . . . . dinL
(Maximum Likelihood Principle) -~ B 0

If Y = (E,U) — (E,U) best estimates; U, conditional for E=E, case
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» Observed data X (N observed values)

> Unknown parameters @ = (H, T)

> Null hypothesis H, (and alternative one H# H,)

» Maximum Likelihood Ratio )\ :=

E(X/Hﬂa fc)
L(X/H,T)
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» Observed data X (N observed values)

» Unknown parameters © = (H, T) If H, true

> Null hypothesis H, (and alternative one H# H,)

» Maximum Likelihood Ratio )\ :=

E(X/Hﬂa fc)
L(X/H,T)

mmmmm) 210\ ~ Y(7)

Asymptotical behaviour
N — +o0
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» Observed data X (N observed values)

» Unknown parameters © = (H, T) If H, true

2
> Null hypothesis H, (and alternative one H# H,) _ —2InA ~ X (T)

E(X/Hﬂa fc) Asymptotical behaviour
L(X/H,T) A/ == o

» Maximum Likelihood Ratio )\ :=

Let's see how we can use I(t...
For us:

X =(Nyn, Nog), estimated @ = (<Ng>, <Ng>), Hp: <Ng>=0 (else H: <Ng>#0), T =<Ng>
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p— —
- HINTS - T

Poissonian counts, H, case, Ny = Ng/a

@

,\ 4
L(X/Hy, T.) = P|(Nyy, Nug) /| <Ns>=0, <Ng>= —(N,, + Ng)| = P|N,, / <N,.>=
(X/Ho, T.) [( 0) [ <No>=0, <N 1+a( H)] P[ [ <HNow> 1+a

1
Arorl A'TU Sl ]\'To <I\TU = ]\IOI1+A"T0 )| =
(Nout ﬁ')] { i | <Nog T a( H)]

[H'% (A-‘TOH S A"Toff )] ot
Ayoﬁ“ l

a r T Non
_ [M(Aon + A’oﬁ?)] wsn| — o

Noy! 1+«

1
T I ). —— (N ]\-‘TO
(Aon + Aoﬂ):| expl 1+ Q’,( on T H)]

LX/HT)="P

(]\rons Avoﬁ')/ <ATS> — ]\fo]_l = OJ\"roff: <ATB> — G(Avoff] =P (A'Ton/ <A"T011> — A'Ton) : P(A'roﬂ'/ <J\r0ﬂ'> — ]\Toﬂ') =

e Nott
— Non exp( — Non) Mot exp( — Noff)

A'Ton ! "Toﬂ: !
\ /
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1+ «

[

Non + MJf[’)] Non ) [ 1 (Non + M}II'

Non lL+a

Nog

)]

-
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A = @ NO“ + M’f[b o 1 N(m + Nnﬂ' e
B I+« Mm 1+ « M (T

C t mall d standardl
() ounts normally (and standardly) Dof: r = 1 (involved <Ns> only!)

distributed if not too few

D)~ VZTh = S5 = VEAN, (22 Non ) N | (14 ) et N
~ —_ = Q9 = I(J]fl 1l - - '0 n v - -
X( ) . ’ x AIIQH + A’gﬁ " *Non + Afoff

o P—

Experimental Physics PhD Unisi Statistical methods for y-rays Andrea Lorini  06/04/2022 12




g \

https://thriveglobal.com

68% aen
SURIrSs . | 95%

0 S

0% \« :% 99.99%
97% | ow 2

> 99%

H 0 VS H 1 e

The goal of an observation is to take data, and decide which one of the two has to
be chosen according to the result of some Test Statistic (TS) variable — A

/ o\ /\\ a = type-lerror,false positive (probability of
g Null Hypothesis // ) / \ Alternative Hypothesis - - - - .
£ / \ \ being wrongin rejecting H, if true) N\ To be fixed by
= / \/ \ _ - experimenters
z [ s /] g \ B = type-2error, false negative (probability of

/ P N : being wrong in accepting H,, if false)

Here, if <Ns>> 0 (or < 0, absorption case) and p is the probability (~ standard gaussian) that an
event with at least S Is produced by background ) E=1-p
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The probability of producing k background events

with significance 2 S out of M samples will be:

K
Py = ( ) Pk(l—P)M-k
M

* Binomial Law *

-

From https://www.slideshare.net
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-

The probability of producing k background events | ‘ |
with significance 2 8 out of M samples will be: ET TS ——

No background case
l.e.

CL for a real source!

* Binomial Law *
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The probability of producing k background events

with significance 2 S out of M samples will be: From https:/fuww.sideshare.net

No background case

Py

(.e.

CL for a real source!

1
N
A
BN
P
=
|
I
<
Ik
I

* Binomial Law *

Alternatives do also exist, e.g. (Hearn 1969, O'Mongain 1973, Cherry et al. 1980):

A':=P(N,/B)/ P(N,,/S+B) wmp & =1-A'(single), &=1-MA" (multiple)

### But eventual misinterpretation and uncorrectness ###
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Random number simulations to check the methods (~10° by means of computers)

<N, > and a« assumed =N, and N, poisson-generated
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Random number simulations to check the methods (~10° by means of computers)

No and Nog poisson-generated | 3 [N:] 3P [ ]

10 (Nye> = 140
N = 340,000

x=0.1 ¥

Li & Ma, ApJ, 1983

— Standard Gaussian
&+ S,
8 S
® S:
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Random number simulations to check the methods (~10° by means of computers)

No and Nog poisson-generated | 3 [N:] 3P [ ]

Li & Ma, ApJ, 1983

— Standard Gaussian

+Sl
8 S,

The best

no significant bias!
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~ ANOTHER S, CONFIRMATION ~

Li & Ma, ApJ, 1983
6 T T T T I
Tr 4
6 + ¢ 7
5 L
+
o4
& ++ °
+ %
+
3 S
2t ®
rd
I
01 2 3 ¥ & 66 7 8
J=2b
F1G. 3.—Significances of some reported y-ray lines. Pluses, significance S by experimenters; open circles, significance § by Cherry et al. (1980);
filled circles, significance S by eq. (17) of this work.
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~ ANOTHER S, CONFIRMATION

1 i I

5 6 7 8

J=2b A

F1G. 3.—Significances of some reported y-ray lines. Pluses, significance S by experimenters; open circles, significance § by Cherry et al. (1980);
filled circles, significance S by eq. (17) of this work.

Li & Ma, ApJ, 1983
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Major Atmospheric Gamma-ray Imaging Cherenkov

* Imaging Atmospheric Cherenkov Telescope system

 La Palma, Canary Islands (29° N, 18° W), at 2,200 m
a.s.l.

 Two dishes of 17 m diameter, 85 m aside, with about 250
reflecting mirrors each (M1 since 2004, M2 since 2009)

« Total area =236 m?, FoV = 3.5°, angular resolution =6
arcmin
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Major Atmospheric Gamma-ray Imaging Cherenkov

MAGIC Collaboration

* Imaging Atmospheric Cherenkov Telescope system

 La Palma, Canary Islands (29° N, 18° W), at 2,200 m
a.s.l.

 Two dishes of 17 m diameter, 85 m aside, with about 250
reflecting mirrors each (M1 since 2004, M2 since 2009)

« Total area =236 m?, FoV = 3.5°, angular resolution =6

Alming at indirect detection f\

arcmin
of primary y-rays in the + @ "WOBBLE" mode is the
~ 30 GeV — 100 TeV energy range standard (offset ~ 0.4 °)!
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Major Atmospherid
‘ Gamma Imagin
P Cerenkov Telescopej
§ - Time = 4.57 h
Z 3000 Noo = 4305; N_ = 1384.5 = 36.6
+ N,, = 2020.5 = 75.1
2500 :— Significance (Li&Ma) = 40.0c¢
2000 [ |
1500 =+
1000 |- *
500 %
0 - 1 1 1 L | 1 ' 1 ! | 1 1 1 1 | 1 L 1 '
From 8th MAGIC Software 0 e 0.2 03 ° 4
School, 2021, Dr. C. Nigro 0% [ deg’ ]
wobble at 0 deq wobble at 90 deg wobble at 180 deg wobble at 270 deg
= @ 1 1 @ 1
_8 0.04 : ias, =1 ; N ' il & 4 i '- . O
-5 QO ! A y »
T T T T T T T T T T T T
-0.5 0.0 0.5 -0.5 0.0 0.5 -0.5 0.0 0.5 -0.5 0.0 0.5
X'/ deg
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Major Atmospherid

‘ Gamma Imagin
Cerenkov Telescopej

"Off" counts

§ E » e " . Time =457 h
Z 3000 Gl Neo = 4305; N_ = 1384.5+ 36.6
+ N,, = 2020.5 = 75.1
S :_\ Significance (Li&Ma) = 40.0c
2000 - |
_ 1500 "On" counts
Cut corresponding to " / /
the source limit 1000;— *.‘ ///' (background level)
0 - L | 1 ' 1 ! | 1 1 1 1 | 1 L 1 '
From 8th MAGIC Software 0 01 0.2 0.3 ° 4
School, 2021, Dr. C. Nigro 0% [ deg’ ]
wobble at 0 deq wobble at 90 deg wobble at 180 deg wobble at 270 deg

0.5 | @
s

N | O .

O "On" regions

O "Off" regions

1 1
-0.5 0.0 0.5

I 1 1 I
-0.5 0.0 0.5 -0.5 0.0 0.5 -0.5 0.0 0.5
X'/ deg

(often more than
one per wobble)

Experimental Physics PhD Unisi

Statistical methods for y-rays

Andrea Lorini 06/04/2022

18




Whatif in our observations some systematic uncertainties (background and/or efficiency) are present?

Simple, yet powerful modelization:

"On" true background (B*) different from "Off" true background (B), i.e., B*=(k+1) B
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Whatif in our observations some systematic uncertainties (background and/or efficiency) are present?

Simple, yet powerful modelization:

"On" true background (B*) different from "Off" true background (B), i.e., B* :}Q+ 1) B

| Fixed a priori,
, or random variable
| (it must be > -1;

- e e o e e e e e e e e )
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Whatif in our observations some systematic uncertainties (background and/or efficiency) are present?

Simple, yet powerful modelization:

"On" true background (B*) different from "Off" true background (B), i.e., B* :}Q+ 1) B

Rbo—B | Fixed a priori, .

|:> P(b|B) = b = "Off" counts . or random variable
b! | (it must be > -1; |

|

- e e o e e e e e e e e )

=) P(1M,B) = M + a(k + 1)BJteMra®+DBl g — wgpt counts
| ! M = Source signal (intensity)
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As before (Wilks Theorem application):

P(n.bM, B) = P(b|B) x P(n|]M. B)

Joint probability (source-background independence)

1S = 2 log

L=

[ max {L(6)} ]
max | Ly(6p) )

Test Statistic (LF maximized with proper parameters)

2
S =JTS

From ¥2definition (dof difference in H, and H, is 1)

A 4

In case k is a random variable, a
correspondent factor must be included

If normally distributed,
the missing term is P(k/o)

l

21/2 /blogh — b + nlogn — n — max {Lg)
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- 350
- 300
- 250
- 200
- 150

50 threshold (counts)

100

T T
A b
o wu

T T T
] w W
v o u

50 threshold (counts)

50 threshold {counts)

8 Li & Ma (g—0) - 120 4
o=0.1 =
a 6 1 =02 g
5 =0, 8 1004
Y4 o=0.3 e
E‘ o=0.4 {2?, 80
" 2 ag=0.5 @
o=0.7 S 604
0 T T T T T T — 0 = 0.9 Ltr?,
0 50 100 150 0 100 200 300 400
:uj 18 +
5
g S 16 4
¥ o
= (=]
= < 14 4
2] g
? S 12
Le]
Ly
W 5.75 1
=
=3
] g 550
s =]
0 2 525+
= =
j %]
o Y 5,00 -
n 5
2 4,751
0 T T T T T T T T
0.0 25 50 75 10.0 125 1500 5 10 15 20 0.0
Observed counts o Observed counts o

Vianello, The Astrophysical Journal Supplement Series, 2018

Vianello, The Astrophysical Journal Supplement Series, 2018
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Bayes' Theorem

Thomas Bayes
(rom Wikipedia)

P(H;/A) =

P(H;) P(A/H;)

2.

i—1 P(H;) P(A/H})

=

A =event, {H;, H,,...,H} = hypothesis set

More logical framework with respect to Li&Ma classical Statistics:

« Significance interpreted as probability that a source has intensity >0

« Prior distribution by a simmetry unbiased-result principle, posterior
distribution by an intensity parameter A ("objective procedure")

!

No count limitations, no verification methods (e.g. MCs)!
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Chosen a probability K:

Amax
}((/\ > /\min) — / P(X/n) d/\f —
Amin
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Chosen a probability K:

TN

- K

Parameter

K> Ain) = [\ PN Q) dX | e—)
Pk )R

Observable

Error Function

Gaussian

[ /
@)~ 7 [

Bayesian Significance
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- TN

Error Function Gaussian

L _ [ h
Chosen a probability K: Kp> Auin) = ﬂ A P(,\f/q aN K_1> %) - \/12_7 / m
7 P

Bayesian Significance

Parameter Observable
—_ s F
>"on = a Aoﬁ" + As 75" Nogr= 2000 .
- 0=0.25 0
6— 5°
- 50
. . 5 50
Reduction and proper model transformation: - *23 580
af- °Sum £ 5°
- 4657
N = >\'OH+ >\'Off, W = KOH/A , N = Ng,+ Noﬁc af- +$$$O
Total counts — Poissonian , "On"/"Off" — Binomial 2
1= L re0
Source detection is CL for A > 0 E o
0 500 520 540 560 580 600 620 640 660 BSUN
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TN

- K

Chosen a probabillity K: Kp> Aunin) = ﬂ P(/\’/q AN —
* ;

Parameter

Aon - a >‘oﬁ’+ >‘s

Reduction and proper model transformation:
N = >\'OH+ A’Oﬁc, W = KOH/A , N = Non+ Noﬁc 3
Total counts — Poissonian , "On"/"Off* — Binomial 2

Source detection is CL for Ag > 0

Observable

Error Function

Gaussian

[ /

Bayesian Significance

=
IIII|IIII|IIII|IIII|IIII|IIII|IIII|II

Nofr= 2000 .
o= 0.25 50
58"
s6°
55
+SB +55
OSLM **3“
4887
+ 59
o
L300 Agreement for
+5©
L +00 weak sources and
O
+5o° large counts!
o
4550| | | | | | | | |
500 520 540 560 580 600 620 640 660 680

Non
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v Gamma-ray observations require statistical reliability methods due to poor
source/background separation

v 83 is the best formula for significance using "On"/"Off" regions and hypotheses test,
also for the general « # 1 case, and not so many counts

v The fundamental Li & Ma significance formula can be improved to also take into
account systematic uncertainties often neglected

v' Bayesian Statistics could logically be more satisfactory than the frequentist one
(agreement for large counts), because of a-priori knowledge (e.g. intensities 2 O),
no need of verification methods, and correctness for any (N,,, Ng) photon numbers
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