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I- A general overview on photonic crystals
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crystals

Periodic
structures

Photonic

Light

Periodic structures that interacts with light

1. What are photonic crystals ?
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Why would one be interested in the interaction of light with a periodic structure?

Because it gives complete control over light propagation

What are the advantages over other technologies that also control light propagation like the usual waveguides made up off 
metals? 

Because photonic crystals control and guide light with lower loss then other 
technologies that are made up off metals.
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From where does the periodicity come from ?

𝑛1

𝑛2

From the construction of a media with periodic dielectric functions of the order of 
the wavelength of light being localized
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2. Examples of photonic crystals in nature

Morpho butterflyComb-jellyfish

PeacockBeetle 

Biologically, it is believed that species have evolved 
color through photonic crystals as a means of 
thermal regulation and signaling
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II- Electromagnetism in dielectric media
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1. Maxwell equations in dielectric media

𝜀1

𝜀2

𝜀3

𝜀4

∇. 𝐻(𝑟, 𝑡) = 0 ∇ × 𝐸(𝑟, 𝑡) + 𝜇0
𝜕𝐻(𝑟, 𝑡)

𝜕𝑡
= 0

∇. [ 𝜀 𝑟 𝐸 𝑟, 𝑡 ] = 0 ∇ × 𝐻 𝑟, 𝑡 − 𝜀0𝜀 𝑟
𝜕𝐸(𝑟, 𝑡)

𝜕𝑡
= 0

Maxwell equations for a linear and lossless materials composed of regions of homogeneous dielectric media are 

Maxwell equations are linear so we can separate the time dependence from the spatial dependence by expanding the 
fields into a set of harmonic modes 

𝐻 𝑟, 𝑡 = 𝐻 𝑟 𝑒−𝑖𝜔𝑡

𝐸 𝑟, 𝑡 = 𝐸 𝑟 𝑒−𝑖𝜔𝑡
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⇒ ∇ ×
1

𝜀(𝑟)
∇ × 𝐻 𝑟 =

𝜔

𝑐

2

𝐻 𝑟 Master equation

Maxwell equations describing the mode profiles for a given frequency in a linear and lossless material 

∇ × 𝐸 𝑟 − 𝑖𝜔𝜇0𝐻 𝑟 = 0 ∇ × 𝐻 𝑟 + 𝑖𝜔𝜀0𝜀 𝑟 𝐻 𝑟 = 0

∇. 𝐻 𝑟 = 0 ∇. [ 𝜀 𝑟 𝐸 𝑟 ] = 0Divergence equation
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2. Electromagnetism as an eigenvalue problem

Θ H r =
𝜔

c

2
𝐻 𝑟 ,

The master equation can be seen as an eigenvalue problem

where Θ = ∇ ×
1

𝜀(𝑟)
∇ × 𝐻 𝑟 is a Hermitian operator.

The inner product is defined as follows

𝐴, 𝐵 ≔ න𝑑3𝑟𝐴∗ 𝑟 . 𝐵 𝑟
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3. The energy functional

The energy functional is the total energy of the system as a functional of its states

Θ H r =
𝜔

c

2

𝐻 𝑟 ⇒ 𝑈 𝐻 =
(𝐻, Θ𝐻)

(𝐻,𝐻)

Expressed in term of the electric field gives, it reads

𝑈 𝐻 =
𝑑3𝑟 ∇ × 𝐸 𝑟 2

𝑑3𝑟 𝜀 𝑟 [𝐸 𝑟 ȁ2

The lowest frequency mode is localized in the medium with the highest dielectric constant.
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III- Light guidance in dielectric media
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For a translation 𝑑 we can define a translation operator 𝑇𝑑. If the system is translationally invariant, then

𝑇𝑑𝜀 𝑟 = 𝜀 𝑟 − 𝑑 = 𝜀(𝑟)

𝑇𝑑 , Θ = 0

1. Continuous translational symmetry

𝑟 𝑟 + 𝑑

𝜀 𝑟
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Translational symmetry in an infinite plane

𝑇𝑑𝑒
𝑖 𝑘 Ԧ𝑟 = 𝑒𝑖[ 𝑘𝑥 𝑥−𝑑𝑥 +𝑘𝑦 𝑦−𝑑𝑦 +𝑘𝑧 𝑧−𝑑𝑧 ] = 𝑒𝑖𝑘 𝑑 𝑒𝑖𝑘 Ԧ𝑟

⇒ 𝐻𝑘 Ԧ𝑟 = 𝐻0𝑒
𝑖𝑘 Ԧ𝑟

⇒ 𝜔 =
𝑐 𝑘

𝜀
Dispersion relation

Translational symmetry in the three directions

𝜀(Ԧ𝑟) is a constant

𝜀 Ԧ𝑟 = 𝜀(𝑧)

⇒ 𝐻𝑘 Ԧ𝑟 = ℎ(𝑧)𝑒𝑖𝑘ȁȁ Ԧ𝑟

𝑥 𝑦

𝑧

𝑥 𝑦

𝑧
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2. Index guiding

Snell’s law of refraction:    𝑛1 sin 𝜃1 =𝑛2 sin 𝜃2

The critical angle for which a total internal reflection happens is given by setting 𝜃2 =
𝜋

2

𝜃𝑐 = sin−1
𝑛2
𝑛1

∃ only for 𝑛2 < 𝑛1

Snell’s law

𝑥 𝑦

𝑧

𝜃1

𝜃2

𝑛1

𝑛2

𝑛2 < 𝑛1 𝑛𝑖 = 𝜀𝑖

Reflection-refraction in a plan of glass
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Symmetries and conservations law for the plan of glass

Inside the glass plane

Far away from the glass

𝜔 = 𝑐ȁ𝑘 ȁ = 𝑐 𝑘⊥
2 + 𝑘ȁȁ

2

Near the surface 

ȁ𝑘ȁȁȁ = 𝑘 sin 𝜃1 = 𝑘

⇒ 𝜔 = 𝑐ȁ𝑘ȁȁȁ

𝑘

𝜃1

𝜃2

𝑘ȁȁ

𝑘⊥

𝑥

𝑦

𝑛1

𝑛2

𝜔 < 𝑐ȁ𝑘ȁȁȁ
The only solutions in air are those with imaginary  𝑘⊥ = ∓ 𝑖 −

𝜔2

𝑐2
+ 𝑘ȁȁ

2

corresponding to evanescent waves.
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3. Discontinuous translational symmetry

Ԧ𝑎 = 𝑎 Ԧ𝑥 is   the primitive lattice vector

𝜀 Ԧ𝑟 = 𝜀( Ԧ𝑟 ∓ Ԧ𝑎).  

Discontinuous translational symmetry along one direction

𝜀𝐿𝑜𝑤

𝜀𝐻𝑖𝑔ℎ

𝑎

𝑥
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Periodic function in 𝑥

𝑇𝑅 𝑒
𝑖 𝑘𝑥𝑥 = 𝑒𝑖 𝑘𝑥 (𝑥 − 𝑙 𝑎) = 𝑒−𝑖𝑘𝑥 𝑙 𝑎 𝑒𝑖𝑘𝑥 𝑥

𝑇𝑅𝑒
𝑖 𝑘𝑥 +

2𝜋
𝑎

𝑥
= 𝑒−𝑖𝑘𝑥𝑙 𝑎 𝑒

𝑖 𝑘𝑥 +
2𝜋
𝑎

𝑥

𝑏 =
2𝜋

𝑎
Ԧ𝑥 is   the primitive  reciprocal lattice vector

𝐻𝑘𝑥 𝑟 =

𝑚

𝐶𝑘𝑥,𝑚 𝑒𝑖 𝑘𝑥+𝑚𝑏 𝑥 = 𝑒𝑖 𝑘𝑥𝑥 𝑈𝑘𝑥(𝑥)

Bloch’s theorem
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4. Photonic gaps

2𝜋

𝑎
−
2𝜋

𝑎
𝑘𝑥

𝜔
Brouillon zone

Same dielectric constants

The periodicity allows the description of the modes with the wave vector 𝑘

−
𝜋

𝑎
0

𝜋

𝑎
𝑘𝑥

𝜔 First Brouillon zone
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𝜔

𝑘𝑥

Band gap at
𝜆 = 2𝑎

𝑘𝑥

𝜔
First Brouillon zone

−
𝜋

𝑎−
𝜋

𝑎

𝜋

𝑎
𝜋

𝑎

𝑛1

𝑛2

Different dielectric constants
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𝒂

𝒂

𝑛1

𝑛2
𝟐 𝒂

𝟐 𝒂

𝑛1

𝑛2
𝑛1 > 𝑛2

𝑈 𝐻 =
𝑑3𝑟 ∇ × 𝐸 𝑟 2

𝑑3𝑟 𝜀 𝑟 [𝐸 𝑟 ȁ2

We obtain two different frequencies when the electric field is concentrated in two media with different dielectric functions.

At the edge of the Brouillon zone, 𝜆 = 2𝑎 there are two ways to locate the modes that give two different frequencies 22



5. Defects

Defects break the transitional symmetry. 

𝑛1

𝑛2

𝑛1 > 𝑛2

They can create localized modes.
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Analogy: doping in semi-conductors

𝐸

SiSiSi

Si
ArSi

SiSiSi

Valance band

Conduction band

Donor level
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Density of state (the number of allowed modes per unit frequency) of a one-dimension periodic photonic crystal

Defects permit localized modes to exist, with frequencies inside photonic band gaps.

25



IV- Applications
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1.Photonic crystal fibers

(a) (b)

(a) Holey fiber, confining light in a solid core by index guiding

(b) Holey fiber, confining light in hallow core by a band gap.

Higher index then 
the cladding
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(a) Band structure of a 1D photonic crystal. (b) Two level atom 
coupled to the 1D photonic crystal having resonance frequency 𝜔𝑎

close to the band edge frequency 𝜔𝑎, with Δ = 𝜔𝑎 −𝜔𝑏.

(a) (b)

Defects in a 1D photonic crystal created by the presence of two level 
atoms. The atoms induce localized cavities. The atoms separated by 
the order of the effective cavity length can interact coherently with 
each other.

𝒂

2. Creation of coherent long-range interactions
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V- Summary
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Photonic crystals are composed of periodic dielectric media that affect electromagnetic wave propagation in 
the same way that the periodic potential in a semiconductor crystal affects the propagation of electron.

Light waves may propagate through the media or propagation may be disallowed, depending on their 
wavelength.

Light can be confined either by index guiding or by introducing defects, because they allow the existence of 
frequencies inside the band gap.
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Thank you
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