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Copis:

* Hydrostatic equilibrium

e Tcand P,

* Virial Theorem

e Kelvin-Helmholtz time scale

* Nuclear reactions time scale

* Nuclear fusion: the classical viewpoint

* Nuclear fusion: the quantum viewpoint

* Nuclear fusion: an in-depth analysis (cross section, rate, Gamow peak, ... )

‘ Useful values:

* G =6,67-10"8%cm3/s%g « my =167 -10"%*g

* Mg =199-10°g « h=1,05-10"3%]s

* Rp =6.96-10"m * & =8,85-10712C?/N m?
« Lo =3,827-10%0]/s « e=16-10"1C

e ky=1,38-10"23J/K e leV =16-10"19
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Hydrostatic equilibrium
‘ Observational evidence

Characteristic of the sun:
 Self-gravitating system Is it in

* Spherical shape equilibrium?
e Constant dimensions

‘ Free fall time TF O

Consider an infinitesimal volume at r = R subject only to the gravitational force.
The 7¢ ¢ can be evaluated from the uniformly accelerated motion x(t) = gt?/2.

Using go = GMp /R

ZRQ ZR% _
fro = 96 = GM@ ~ 35 min (TffC) K Atgiqar evolution)

Similar result for: & l Hydrostatic Equilibrium

* RedGiant: M~Mg, R~10°Rg so tfr ~ 24d
*  White Dwarf: M~Mg, R~107°Rg so tfr =~ 2,1s
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Hydrostatic equilibrium
rssamptons

We will assume the stars to be:

e Self-gravitating systems

e Spherically symmetric

* (Gaseous

* Non-rotating

* Without strong magnetic fields

=R

Under the assumptions, the only forces acting on a mass
element dm = p dr dA come from pressure and gravity

Fp(r) = F;(r)

ranaT,
GM(r)

PdA+ [—(P + dP) dA] = 2 P dr dA We can use it to estimate:
dP GM (1) * Central pressure P
dr 2 P j * Central temperature T,

This is the Hydrostatic Equilibrium equation
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L P

Let’s replace the quantities in the Hydrostatic Equilibrium equation with averages
dP (P —0)/2 P

d&r ~ (0-Rg)/2  Ro

GM (r G(M~—0)/2 M 3 GM?> Hydrostatic Equilibrium
. _ rz()p_)_ ( ©, )/2<4 @3>=_%R5® d_P__GM(T)
[(Ro = 0)/2]"\*/37Rg © ar =gz P
By equating we get
3 GM§

P, = ~ 5,3-10%tm

— 4
2T RQ

To relate P, to T, we need the unknown plasma state equation. So, we will assume the plasma to be:
* Ideal gas P = nkyT, where n is the particle numerical densityn = N /V,
* Hydrogen contributing 2 particles per atom N = 2 M /my

Pe P (2Mg/my
nkp kg 4/37TR%

) ~2,3-10"K
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The energy conservation and the virial theorem

‘ Energy conservation

The evolution of a star can be inferred by looking at its energy
conservation through
* Total energy equation {Etot = E¢ + Eip

e Virial theorem Ec =-3E,(y—1)

=

dP(r)  Gm(r) * Hydrostatic equilibrium
dr 12 p(r) . fOR(--°)47rr3dr
Rdp(r R eM(@r .
j dg ) Arr3dr = j _ rz( ),0 ) A3 dr Integrate by part
° R R CM () « P(R)=0 = [P(r)4nr3]R =0
[P(r)4nr3]& — BJ P(r)4nr?dr = j — p(r)4nridr « dV = 4nridr
0 0 r * P(r) =¢r(y—-1)
R R GM(r)
0— 3] gy —1)AdV = f — p(r)dVv
0 0
—3E;,,(y—1) =E; * Virial Theorem
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The energy conservation and the virial theorem

‘ Energy conservation

The evolution of a star can be inferred by looking at its energy
conservation through
e Total energy equation {Etot = Ein(—3y +4)

 Virial theorem E; =-3E,(y—1)

=

dP(r)  Gm(r) * Hydrostatic equilibrium
dr 12 p(r) . fOR(--°)47rr3dr
Rdp(r R eM(@r .
j dg ) Arr3dr = j _ rz( ),0 ) A3 dr Integrate by part
° R R CM () « P(R)=0 = [P(r)4nr3]R =0
[P(r)4nr3]& — BJ P(r)4nr?dr = j — p(r)4nridr « dV = 4nridr
0 0 r * P(r) =¢r(y—-1)
R R GM(r)
0— 3] gy —1)AdV = f — p(r)dVv
0 0
—3E;,,(y—1) =E; * Virial Theorem
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The energy conservation and the virial theorem

‘ Energy conservation

The evolution of a star can be inferred by looking at its energy
conservation through

e Total energy equation {Etot = Ein(—3y +4)

 Virial theorem E; =-3E,(y—1)

‘ Stability condition

A star is stable if E;,; ‘< 0. Since E;; > 0,theny > 4/3

* E:ot < 0 because energy is needed to take the star apart
* Ify < 4/3,the staris unstable

* For a monoatomicgasy = 5/3
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The energy conservation and the virial theorem

‘ Energy conservation

The evolution of a star can be inferred by looking at its energy
conservation through

e Total energy equation 5 {Etot = —Ein

ify ===
e Virial theorem Yy 3

‘ Stability condition

A star is stable if E;,; ‘< 0. Since E;; > 0,theny > 4/3

* E:ot < 0 because energy is needed to take the star apart
* Ify < 4/3,the staris unstable

* For a monoatomicgasy = 5/3

Eg = —2Er,
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The energy conservation and the virial theorem

‘ Energy conservation

The evolution of a star can be inferred by looking at its energy
conservation through

e Total energy equation ify = E - Etot = —Ein
 Virial theorem 3 E¢ = —2E;,

‘ Stability condition

A star is stable if E;,; < 0. Since E;;; > 0,theny > 4/3

* E:ot < 0 because energy is needed to take the star apart
* Ify < 4/3,the staris unstable
* For a monoatomicgasy = 5/3

Lominosty

The luminosity is the energy radiated out, so L = —E;,; > 0

.L:Eif. = E."">0 = {T>O
Ein = —3E¢ E; <O R <O

A star gets hotter while contracting, it has a negative specific heat
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Kelvin—Helmholtz time scale
" conversion

From the energy conservation we saw that
L =E;, L= —%EG %AEG is radiated out
: = =

Ein = —3E¢ Ein = —3Eg >AE; becomes thermal E

The luminosity can be used to estimate the age of the sun

‘ Txy time scale

Assuming that:
e Constant luminosity

* Gravity is the only energy source I New Energy Source
Averaging over all the quantities /f
/a0 _ 1 G(M@/Z)M ~ 1,6 - 107 (Trp K At oorer)

Inconsistent with geological evidence suggesting Atg e = 4,5 - 10%y

Tkg =
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Nuclear reactions time scale
‘ Binding energy

Considering a nucleus with B-jaze
* A = atomicmass = N,, + N,

* Z = atomic number = N,

It is known that Myyc1ens < Zmy, + (A — Z)m,,.
This difference averaged over A is the binding energy

5, 1 2
f — 7 — Z [Zmp + (A — Z)mn - mnucleuS]C

138n

L 235y
Most stable nucleus

238

Fission
<%

Region of very
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b 3H
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11 ’H
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‘ Thucl time scale e

If in the sun all the p —» He and assuming
e Constant luminosity

* fye =66MelV = 0.7% m,
Enuer  0,007Mc? /7 NeW Energy Source

Tnucl = = ~ 1,0 - 1011y

Since not all the p will be converted, this is consistent with At iperse = 1,3 - 1010y
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Nuclear fusion: the classical viewpoint

‘ Coulomb barrier

Nuclear reactions requires the two nucleito beatr = 1fm.
The energy required to overcome the Coulomb repulsion is

1 Z,Z,e?
Ecoutomp = dme, 1 ~ L1Z,MeV

‘ Thermal Energy

Assuming T = T, = 107K, the average particle kinetic energy is

Er = kgT = 1keV (ET < ECoulomb)

‘ Fusion probability

Classically, the probability of a pp nuclear fusion is

ECoulomb
B, < exp [— ko T

This is too low for No =~ 10°7 or even Ny = 1089

] = exp[—103] = 107434

E M
Z,Z,MeV4------

Repulsion by Coulomb Force

v

0 r~1fm r

-30MeV

‘ Fusion is impossible!

4 (Classically)
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Nuclear fusion: the quantum viewpoint

E A
‘ Quantum tunneling ZZMeV - - -
0 no . . \ Tunneling at higher energy
Quantistically, a particle can overcome the Coulomb barrier “-°
through the tunnel effect. Its probability is Repulsion by Coulomb Force
P b h b - /mr Z,7,e> =,
X exp|——=| where = e ~ >
p \/E zgoh 2 142 0 r,~1fm r

« m, =mym,/(m; + m,) is the reduced mass
ForZ;Z, =1, T = 10’K we have P = 1072¢

-30MeV

hore: |

e P issmall = stars do not “explode”
* P is compatible with Ng ~ 10°7 >

e 7,7, is at the exponent = cannot fuse nuclei with ‘ Fusion is possible!

different Z at the same time

(Quantistically)
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Nuclear fusion: the cross section

\

Using the probability P we can write the reaction cross S(E)
section in terms of the energy of the colliding nuclei

S(E b 1 m
o(E) = (E)exp [_\/_E where b = Zgoh\/?lezez
« E=mv?/2
* m, =mym,/(m; + m,) is the reduced mass
* S(E) is the astrophysical factor

SE) e

The astrophysical factor

e Contains all intrinsic nuclear properties of the reaction

e Difficult to calculate or measure

 Shows resonances

 Measured in underground experiments (ex. INFN Gran Sasso)
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Nuclear fusion: rate and Gamow Peak

=
- - fetime
The reaction rate can be written as

From R, we can estimate the

(0]

0 A — ~ . 1 9
Where: to 0, (00) 3-10%y
* n; = N;/V is the numerical density Where we have used
* visthe relative velocity of the nuclei ¢ n,~10%°1/cm’
« E=mv?/2 * (o), = 10783 cm3/s
« m, =mym,/(m; + m,) is the reduced mass
Cote) )i
The cross section is The MaxwelI—BoItzmanT/ﬂistribution is
S(E m, Z,Z,e> 2 VE E
o(E) = ( )exp[ / 1 = f(E)dE—\/— 3 €Xp [_k_ dE
280 (k T)z B
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Nuclear fusion: rate and Gamow peak

=

The reaction rate can be written as
3 L\ exp(—E/KT)
R, = . )’ JOOS(E) £ dE
12 — NN, \/n_—rnr kBT 0 exp (— kBT exp exp(—b/VE)
Where:
* n; = N;/V is the numerical density
* v isthe relative velocity of the nuclei
« E=mv?/2
« m, =mym,/(m; + m,) is the reduced mass
E
Gemo peak
=
The energy at which the peak occurs is
2 Consider the two reactions
1 3 1 ,m o 1 1 ~
EO — <_kaT> Where b — TZ1Z262 H + H - EO =~ 46kBT
2 2e0h N\ 2 o Y2cy41%c - E,~1113kgT

which shows a strong dependence on the charge
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Nuclear fusion: rate and temperature

=

The reaction rate can be written in a simpler form by assuming:
 S(E) does not have peaks (non-resonant case) L\ exp(~E/KT)
* S(E) does not vary much around E, so S(E) =~ S(E,)
* The Gamow peak can be approximated by a parabola exp(=b/VE) .
2
R 2T wh B0 nd B 1ka§
X T“e where 7=-—— an ==
12 kgT 0 > kB
E0
empersure oomple
The reaction rate can be rewritten as a power low to show it o lpily S v A
relates to the temperature ) e 1y LN L 4 ~20
R, xt%e™® > RxTY where v=—§+§ * He+ ' - v=42
¢ 0+ - v=x182

the value of v varies strongly dependingon Z,Z,
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Thank you for your
attention
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