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Introduction

e \What are the On/Off measurements?

Field of View
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Introduction

If we know the signal flux s, the number of signal events N_in the On measurement

would be a random variable following a Poisson distribution:

ila) = BT TS o §=tess *Aesr|-L
N!
variable | description property
Non number of events in the On region measured
No¢y number of events in the Off region measured
« exposure in the On region over the one in the Off regions measured
b expected rate of occurrences of background events in the Off regions | unknown
S expected rate of occurrences of signal events in the On region unknown
Ns number of signal events in the On region unknown
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Introduction

e  Assuming flat priors p(s) and p(b) and applying
Bayes theorem we get PDF:

P(8 | Non, Nogs; @) likelihood
_ J d|p(Non, Nogy | 5,b; affp(b) p(s)
fds db p(Non, Nogs, 8, b; )

e /dbp(Non,Noff | s,b; ).

Priors

e The likelihood function can be expressed as:

P(Non, Nogs | 5,0;a) = p(Non | 5,ab) - p(Noss | b)
— (S EX ab)Non e—(s+ab) . ikaad e—b
Nyy! Nogy!

e Using binomial identity we factorize
likelihood in two Poisson distributions:

p(NonyNoff | 37b;a) o8

% (Non + Nogs — Ns)! g
-—e
&= [T+1/a) "N (Non — NI V]

(b(l + a))N0n+Noff_Ns
(Non S Noff . Ns)'
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—b(14+a) .

e

e The firstintegral now is as follows:
p(s | N0n7N0ff;a)

- % Non—}—Noff—N)' SNse
A+ 1/a) N (Nom — No)I V!

e Using identities (marginalization)

P(S | NonyNoff;a) —
Non

Z p(Ns | NonﬁNoff;a) 'p(s | NS)
N;=0

—S8

e S

pls | N = 65527

e \We can compare last two equations in order
to obtain PMF of the variable N_:

(Non -+ Noff — NS)!

Ns | Non; Nog £
PN | 159 ® T T @) N (Now — N3]

Allows us to define the most probable value (the mode) as an
estimation of the number of signal events

University of Siena Check references for complete procedure (2)
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Comparison between frequentist and

Bayesian approach

e  On/Off measurement problem is often solved using
frequentist approach. In this approach we usually
define following test statistic:

p(NonyNoff | S,b’: l;; a)

A(s) =

Max}mization of the 13 | N + \/N2 + 4(1 il a)SNOff
likelihood 2(1 Y (1)

e Advantage of this equation is that according to Wilks e
theorem, the function—2log A(s) has an approximate
chi square distribution with 1 degrees of freedom,
which can be used to extract confidence intervals.

S = (Non — aNoff) = \/Non — (12Noff

Franjo Podobnik University of Siena

P(Non, Nojs | 8= Nop — aN,jss , b= Nyss ; @)

The problems with ML approach defined are:

- It only works well with counts number large
enough. Bayesian approach has no limitations on that
- Only information about confidence intervals can be
extracted. What is probability of having N_ signal
events in a sample of N__events can’t be answered.

- The frequentist result does not exclude negative
rate but Poisson process conflicts with the negative.

Another advantage of Bayesian approach is that,
once we have the PDF of the signal rate. All
information are encoded in P(8 | Non, Nogsi )

Sright
/ " (s | Non, Nog; )ds = 0.68, with
Sleft

P(Sleft I NonaNoff;a) =P(3m‘ght | NonaNoff;a)
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Comparison between frequentist and
Bayesian approach
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Comparison between Bayesian and
frequentist approaches in estimating the
signal rate.

Black dots - PMF of the N_
Blue line - PDF of signal rate

Red line - function -2logA(s)
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Comparison between frequentist and
Bayesian approach
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Comparison between frequentist and
Bayesian approach
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40

Inferred signal and its uncertainty
(68% confidence/credibility band)
from MC simulations in which
s=20, b=5 and a=1. Filled circles
mark Bayesian approach and
empty circles mark frequentist
approach.

Good agreement between both
approaches
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PDF of the signal rate including single-event
observations

e Defined PMF of the number of signal events is based on the number of events in the
On and Off regions.

e Common example of this in astronomy is a cut performed in a region around the
source, so that all events outside such region are ignored.
Disadvantage of cutting data is that also a fraction of the signal events are excluded
Point of this topic is to show how by replacing a fixed signal extraction cut with a
statistical weighting of the events according to specific information in order to obtain a
more precise signal estimation.

e That method is called Bayesian Analysis including Single-event Likelihoods BASIL
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PDF of the signal rate including single-event
observations e xy= 3 Tloteh- I sy

A€Fn, i€A JEA<

(i NonyNoff | S,b; Oz)

° We start by including the information about the Non -
variable x - Z (Non + Nogg— DN ) C(x,NS)
- (Non—N NI1+1/a)~N (Aj\;m)
(512, Now Nog i) o [ b p(R, Nows Nogy | s, S
vl pee f, i srastie) e, (bl @) Nerters _s(1ta)

X s & (Now + Norg — N,)! € Nuisance
p(xs NomNoff | S, b5(1) * o 4 o parameter
=p(X | Non, s, ab)|- p(Non | s,ab) - p(N, b e  Similar to introduction part the parameter|b|can be

ff

. ) marginalized to obtain PDF of the signal rate s:
° Given that all measured events are independent

from each other, the probability is: P(s | X, Non, Nogg; @) o / db p(X, Non, Nogy | s,b; )
p(X | Non, s,ab) N Z" i S Noff - N)! CEN,) | s
Non ~ (Non — NY1-+1/e)~Ne () Ny!

= [[ [pGxi17) - p(v1s, ab) +p(x:|7) - p(|s, ab) ]
s
s+ ab (N | X, N, Noprs )
° This term is the prior probability that one eventis a (Non + Noff — Ns)! C’()‘('7 Ns)
signal event gamma. X -
(Nom — N +1/0) N~ (%em)

e Now we can identify PMF as a:

p(y|s, ab) =1—p(F|s, ab) =
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PDF of the signal rate including single-event
observations

e If all events are L time more likely of being a signal event (p(xi|y) =1 - p(xi|5) Vie{1,...,N,,} then using

N |'%; Now: Naprior
C()'(',Ns)oc<N°"> N | > P(Ns | 773 0)
Ns x (Non+Noff_Ns)! L1
(Non — N)'(1 + 1/a)—Ns

e By taking into account the information that all events are | times more likely of being a signal
event we have updated our PMF of the number of signal events introducing last factor.

e The power of this method depends on the specifics of the datasets in which it is applied and:
- the event parameters that are used
- how they distribute for the signal and background population
- how performing is the signal extraction method
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The case of IACT's

e We will assume case of MAGIC telescopes (theta?, Hadroness). We consider individual

event variables: 5
X = (9 7h’? E)

e The likelihoods of being a signal or a background event can be factorized into three terms where | stands
for the conditions under which the observation has been performed:

p(x|7) =p(h|E,1,7) -p(0* | E,I,7)-p(E|I,7),
p(x|¥) =p(h|E,1,%)-p(6*| E,1,7) - p(E|I,7).

Theta? and Hadroness have a small correlation so we can consider these variables as independent
To get likelihood for each event of being s or b event, computation of distribution of th? and h is needed
In the case of IACT’s we have to rely on the MC simulations - How do we simulate it?
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The case of IACT's

e Generate N_and kag from Poisson distribution e Generate th? values for the events in the On
with expected value respectively s and alpha region by randomly picking up N_ values from
times b and define the number of counts in On the signal distributions and kag values from
region as: the background distributions

i\ro‘n — l\rs + jvbk g

e Finally, the same is done for generating
Hadronness values for the On and Off
e Generate Noﬁ, the total number of events in the measurements
Off region, from a Poisson distribution with
expected value b

Franjo Podobnik University of Siena 14/20



The case of IACT's
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- Simulated (red) and observed (blue) distribution of th? and h together with background events (green)

normalized to 1
The observed signal is from observation of Crab Nebula
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The case of IACT's

e Having an On and Off measurements we get an estimation s of the signal rate using only the
information about total counts N__and N__ and the single event variables x = (h,6%)

The estimated signal rate is obtained

from

g = Non = Q‘.N()ff

where Non and Noff are the number of
events surviving the cut in th? and/or

hadroness for the On and Off
measurement. Being the most

common way of estimating s, we can

refer to this as “standard” method

University of Siena

In the BASIL method § is instead
defined from the mode of the PMF
where x can be either th? and h or only
one of them. The combinatorial term
can be obtained using signal and
background likelihood values from the
signal and background distributions.
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The case of IACT's
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Two simulations of distributions, one for the
standard approach in black and one in the
BASIL approach in blue.

In standard approach we have efficiency for
the h of 95% and for th? 75% which in total
translates to the 67.6%

In the BASIL approach efficiency is 1
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The case of IACT's

¢
$

Aleksic et al. (2016)
Standard in Eest
BASIL in Eest

10- 10°
Energy [TeV]

10!

E [GeV] Non  Noyy Signal (freq.)| Signal (BASIL)
63-100 1714 4494 216 £47 204 + 23
100-158 933 2349 150+35 187 £ 18
158-251 622 1327 180428 185 + 16
251-398 439 846 157 +23 174 + 14
398-631 335 593 137420 114 £ 11
631-1000 | 215 435  70+16 Ty
1000-1585| 132 256  47+13 4187210
1585-2512| 95 203 2711 2161 %
2512-3981| 56 140  9.3+8.5 gt :
3981-6310| 30 83 2.3+ 6.3 39153
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The case of IACT's
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Conclusion

e Main feature of Bayesian approach (BASIL) that it weights events according to their
individual likelihood of being a signal or background considering all available
information

e BASIL method avoids cutting data according to some variable to suppress the
background which discards a part of the signal.

e This method, while yielding results consistent with the standard data analysis method,
it improves the precision of the signal estimation (last slide)

e The biggest improvement has been seen in cases of small signal rates, due to this
feature, BASIL would be useful for analysis of data from measurements of short
transients or weak signal.
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Thank you for your attention!
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BACKUP SLIDES

p(ia Non>Noff | S, b; a) — p(i | Nonas,ab) 'p(Non I S, ab) 'p(Noff | b)

N
on S _ ab (S + ab)Non _S_ab bNoff _b
_H (p(x’|7)s+ab+p(x’|7)s+ab)' Noa! ¢ Notf1©
N
on b b Non bNfo
- Z Z Hp(xih’ H p(x ' s(i (11,) Non e +]\? )l e_s_ab'N le_b
N,=0 A€Fy, icA jEAe s of f*
Non N — N
. sNs(ap)Nen—Ns . bNots _,
== Z C(x, NS) " Non! € * —Noff|e
Non 5 b
_ _ alon/Noyy! 3 (Non+ Nogs = No)! CEN) 8™ _,  (B(Lto)NortNorr Mo )
(Lfalp et Nopp e (1+1/a)~Ns  N,,!/Ng! N (Non + Nogs — Ny)!

. i (Non + Noff — N,)! C(f, N,) g o, WU+ ) i SNPE (T9
0 on—N 1+1/a) (ly\‘r’:) N,! (Non+Noff_Ns)! )
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BACKUP SLIDES

C(Z,0) =p(z1|7) - p(x2]7) - p(x3]7),
C(Z,1) =p(z1]|7) - p(22|7) - p(23]7)
+ p(z1]7) - p(22]7) - p(3|7)
+ p(21]7) - p(x2|7) - p(23]7y),
C(Z,2) =p(z1|7) - p(22|7) - p(23]7)
+ p(z1|7) - p(x2]7) - p(23]7)
+ p(z1|7) - p(22]7y) - p(23]7),
C(Z,3) =p(z1|y) - p(x2|y) - p(x3]Y)-
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