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Introduction

● What are the On/Off measurements? 
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Introduction

● If we know the signal flux s, the number of signal events Ns in the On measurement 
would be a random variable following a Poisson distribution: 

4/20

=1 



Franjo Podobnik       University of Siena

Introduction
● Assuming flat priors p(s) and p(b) and applying 

Bayes theorem we get PDF: 
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● The likelihood function can be expressed as: 

● Using binomial identity we factorize 
likelihood in two Poisson distributions: 

● The first integral now is as follows: 

● Using identities (marginalization)

● We can compare last two equations in order 
to obtain PMF of the variable Ns: 

Priorslikelihood

Check references for complete procedure (2) 

Allows us to define the most probable value (the mode) as an 
estimation of the number of signal events

Posterior
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Comparison between frequentist and 
Bayesian approach 

● On/Off measurement problem is often solved using 
frequentist approach. In this approach we usually 
define following test statistic: 
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● Advantage of this equation is that according to Wilks 
theorem, the function has an approximate 
chi square distribution with 1 degrees of freedom, 
which can be used to extract confidence intervals. 

● The problems with ML approach defined are:
- It only works well with counts number large 
enough. Bayesian approach has no limitations on that
- Only information about confidence intervals can be 
extracted. What is probability of having Ns signal 
events in a sample of Non events can’t be answered.
- The frequentist result does not exclude negative 
rate but Poisson process conflicts with the negative.  

● Another advantage of Bayesian approach is that, 
once we have the PDF of the signal rate. All 
information are encoded in 

Maximization of the 
likelihood  
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Comparison between frequentist and 
Bayesian approach 
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Comparison between Bayesian and 
frequentist approaches in estimating the 
signal rate.

Black dots - PMF of the Ns

Blue line - PDF of signal rate 

Red line - function -2log𝛌(s)
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Comparison between frequentist and 
Bayesian approach 
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Inferred signal from Bayesian and frequentist approach using MC simulations. (Left)
95% UL comparison between both approaches (Right) 
Simulations made with expected signal s=0, background b=200 and alpha 0.5
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Comparison between frequentist and 
Bayesian approach 
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● Inferred signal and its uncertainty 
(68% confidence/credibility band) 
from MC simulations in which 
s=20, b=5 and 𝛼=1. Filled circles 
mark Bayesian approach and 
empty circles mark frequentist 
approach. 

● Good agreement between both 
approaches
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PDF of the signal rate including single-event 
observations

● Defined PMF of the number of signal events is based on the number of events in the 
On and Off regions. 

● Common example of this in astronomy is a cut performed in a region around the 
source, so that all events outside such region are ignored. 

● Disadvantage of cutting data is that also a fraction of the signal events are excluded
● Point of this topic is to show how by replacing a fixed signal extraction cut with a 

statistical weighting of the events according to specific information in order to obtain a 
more precise signal estimation. 

● That method is called Bayesian Analysis including Single-event Likelihoods BASiL
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PDF of the signal rate including single-event 
observations

● We start by including the information about the 
variable x
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● Given that all measured events are independent 
from each other, the probability is:

● This term is the prior probability that one event is a 
signal event gamma. 

● Similar to introduction part the parameter b can be 
marginalized to obtain PDF of the signal rate s:

● Now we can identify PMF as a:

Nuisance 
parameter
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PDF of the signal rate including single-event 
observations

● If all events are l time more likely of being a signal event ( ) then using  
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● By taking into account the information that all events are l times more likely of being a signal 
event we have updated our PMF of the number of signal events introducing last factor.  

● The power of this method depends on the specifics of the datasets in which it is applied and:
- the event parameters that are used
- how they distribute for the signal and background population 
- how performing is the signal extraction method 
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The case of IACT’s 

● We will assume case of MAGIC telescopes (theta2, Hadroness). We consider individual 
event variables:
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● The likelihoods of being a signal or a background event can be factorized into three terms where I stands 
for the conditions under which the observation has been performed: 

● Theta2 and Hadroness have a small correlation so we can consider these variables as independent
● To get likelihood for each event of being s or b event, computation of distribution of th2 and h is needed
● In the case of IACT’s we have to rely on the MC simulations - How do we simulate it?
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The case of IACT’s 
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● Generate Ns and Nbkg from Poisson distribution 
with expected value respectively s and alpha 
times b and define the number of counts in On 
region as: 

● Generate Noff, the total number of events in the 
Off region, from a Poisson distribution with 
expected value b

● Generate th2 values for the events in the On 
region by randomly picking up Ns values from 
the signal distributions and Nbkg values from 
the background distributions 

● Finally, the same is done for generating 
Hadronness values for the On and Off 
measurements
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The case of IACT’s 

- Simulated (red) and observed (blue) distribution of th2 and h together with background events (green)
normalized to 1 
The observed signal is from observation of Crab Nebula
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The case of IACT’s 

● Having an On and Off measurements we get an estimation    of the signal rate using only the 
information about total counts Non and Noff and the single event variables 

16/20

1. The estimated signal rate is obtained 
from

where Non and Noff are the number of
events surviving the cut in th2 and/or 
hadroness for the On and Off 
measurement. Being the most 
common way of estimating s, we can 
refer to this as “standard” method

2.    In the BASiL method    is instead
       defined from the mode of the PMF 
       where x can be either th2 and h or only
       one of them. The combinatorial term 
       can be obtained using signal and 
       background likelihood values from the
       signal and background distributions. 
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The case of IACT’s 

Two simulations of distributions, one for the 
standard approach in black and one in the 
BASiL approach in blue. 

In standard approach we have efficiency for 
the h of 95% and for th2 75% which in total 
translates to the 67.6% 

In the BASiL approach efficiency is 1
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The case of IACT’s 
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The case of IACT’s 
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Conclusion

● Main feature of Bayesian approach (BASiL) that it weights events according to their 
individual likelihood of being a signal or background considering all available 
information

● BASiL method avoids cutting data according to some variable to suppress the 
background which discards a part of the signal. 

● This method, while yielding results consistent with the standard data analysis method, 
it improves the precision of the signal estimation (last slide)

● The biggest improvement has been seen in cases of small signal rates, due to this 
feature, BASiL would be useful for analysis of data from measurements of short 
transients or weak signal. 
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Thank you for your attention!
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